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Abstract. The pure quantum entanglement is generalized to the case of 
mixed compound states on an operator algebra to include the classical and 
quantum encodings as particular cases. The true quantum entanglements are 
characterized by quantum couplings which are described as transpose-CP, but 
not Completely Positive (CP), trace-normalized linear positive maps of the 
algebra. 

The entangled (total) information is defined in this paper as a relative 
entropy of the conditional (the derivative of the compound state with respect 
to the input) and the unconditional output states. Thus defined the total 
information of the entangled states leads to two different types of the entropy 
for a given quantum state: the von Neumann entropy, or c-entropy, which is 
achieved as the supremum of the information over all c-entanglements and thus 
is semi-classical, and the true quantum entropy, or q-entropy, which is achieved 
at the standard entanglement. The q-capacity, defined as the supremum over 
all entanglements, coincides with the topological entropy. In the case of the 
simple algebra it doubles the c-capacity, coinciding with the rank-entropy. 
The conditional q-entropy based on the q-entropy, is positive, unlike the von 
Neumann conditional entropy, and the q-information of a quantum channel is 
proved to be additive. 



1. Introduction 

Quantum theory, which celebrated its 100 years anniversary last December, gives 
new possibilities for transmission of information which cannot be explained in the 
framework of information theory based on the classical (Kolmogorovian) probability 
theory. These possibilities are due to the entanglements, the specifically quantum 
(q-) correlations which were first studied by Schrodinger who introduced this term 
in his analysis of EPR paradox (for more details of this history see the anniversary 
review paper 

Many authors have recently suggested to use the entanglements for quantum in- 
formation processes in quantum computation, quantum teleportation, and quantum 
cryptography ||, |j . The mathematical study of entanglement as a special type of 
quantum correlations from an operational point of view has been initiated in ^ ■ 
In these papers the entangled mutual information was introduced as the von Neu- 
mann entropy of the entangled compound state related to the product of marginal 
states in the sense of Lindblad, Araki and Umegaki relative entropy |0, |[ ^ • The 
corresponding quantum mutual information leads to an entropy bound for quantum 
capacity, the additivity of which is not obvious for non-trivial quantum channels. 
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In this paper we will use another possibility to define the entangled mutual 
entropy, based on the alternative definition of relative entropy first introduced in 



10, ?]. As it was proved in |_3[ our relative entropy is larger than the LAU relative 
entropy, so that based on it quantum mutual information will give a larger entropy 
bound for quantum capacity. 

We are going to prove that this bound for quantum capacity is in a sense additive, 
so that there is no need to consider under certain conditions this mutual information 
for the powers of quantum channel in order to guarantee that this entropy bound 
gives the real upper bound for long quantum block encodings. As far as we know 
this is first such measure of quantum capacity, although it is larger of ^ and all 
other earlier suggested measures. 

For the benefit of reader we repeat all needed definitions and notations related 
to the entanglement from |^ in the first part of this paper. As in these papers 
we shall use the word entanglement in the generalized sense including the classical 
(c-) correlations as c-entanglements, and calling non-classical correlations as true 
quantum entanglements. 

We shall show that any compound state can be achieved by a generalized entan- 
glement, and the classically (c-) entangled states of c-q encodings and q-c decod- 
ings can be achieved by d-entanglements, the diagonal c-entanglements for these 
disentangled states. The pure orthogonal disentangled compound states are most 
informative among the c-entangled states in the sense that the maximum of mutual 
information over all c-entanglements is achieved on the extreme c-entangled states 
as the von Neumann entropy S(^^) of a given normal state <;. Thus the maximum of 
mutual entropy over all classical couplings, described by c-entanglements of a clas- 
sical probe systems A to the system B, is bounded by the c-capacity C = logrankS, 
where ranki? is the dimensionality of a maximal Abelian subalgebra A G B. 

We prove that the truly entangled states are most informative in the sense that 
the maximum of mutual entropy over all entanglements to the quantum system B is 
achieved by an extreme entanglement of the probe system A = B, called standard 
for a given The mutual information for such extreme q-compound state defines 
another type of entropy, the q-entropy H {<;) < 2S(^). The maximum of mutual 
entropy over all quantum couplings, described by true quantum entanglements of 
probe systems A to the system B is bounded by Cg = log dim 

In this paper we consider the case of a discrete decomposable W*-algebra B for 
which the results are achieved by relatively simple proofs. The purely quantum 
case of a simple algebra B = C (7i), for which some proofs are rather obvious, will 
be also published elsewhere. 



2. Compound States and Entanglements 



Let W denote a separable Hilbert space of quantum system, and C {H) be the 
algebra of all linear operators B : Ti ^ H having the Hermitian adjoints on Ti. 
In order to include the classical discrete systems as a particular quantum case, we 
shall fix a decomposable subalgebra B C C (Ti) of bounded observables B ^ B oi the 



block-diagonal form B 



Bii)St 



where B (i) G £ (Hi) are arbitrary bounded 
operators in Hilbert subspaces Tii corresponding to an orthogonal decomposition 

n = (B^n^. 
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A normal state on S is a positive linear functional : S — > C which can be 
expressed as 

(2.1) (B) = Trgx^Bx = TiBa, B e B. 

Here Q is another separable Hilbert space, x is a Hilbert-Schmidt operator from Q to 
H, is its adjoint Ti, ^ Q, and Trg (or simply Tr if there is no ambiguity) denotes 
trace in Q (or in Ti). This x is called the amplitude operator (just amplitude if Q 
is one dimensional space C, x = "0 G ''^ with x^X = IIV'lP = 1 in which case x^ is 
the functional -0^ from 7i to C) . If the normal state is pure on the decomposable 
algebra B, then the density operator a — XX^ is uniquely defined as one dimensional 
projector P = ip^p'^ G B. For mixed states the a in (2.1) may not be unique, but it is 



uniquely defined as a positive trace one operator (cr > 0, Tr cr = 1) by an additional 
condition cr e i3, and is called in this case the probability operator on B, denoted 
as a ^Pg. 

The amplitude operator is not unique, however it is defined uniquely up to a 
unitary transform x^ Ux^ in C/ as a probability amplitude by the additional 
condition xx^ G B. Such a x always exists as square root of the decomposable 
probability operator Pg = ©Pg («) £ B with the components Pg (i) e C {Hi) 
normalized as 

p(i) =Tr„,PB(z) >0, J2p{i) = 1. 

i 

We denote hy B,, C B the predual space to B identified with the Banach subspace 
T {Ti) n S = (BT {Hi) of trace class operators a = (B<Ji, where (7^ G T {Hi). The 
probability operators (the unique densities) P^, Pg of the states g, <j on different 
algebras A C {G), B C C {H) will be usually denoted by the variables p & A* and 
(J ^ B^ corresponding to their Greek variations g and 

In general, Q is not one dimensional, the dimensionality dim Q must not be less 
than rankp, the dimensionality of the range ranx^ of the density operator p = x^X 
coinciding with ranker of the probability operator a = XX^ ■ This implies that 
the rank^ of any discretely decomposable subalgebra A C {Q) having p as the 
probability operator p E A must not be less than ranker if cr = XX^ ■ 

We can always equip H (and wc will equip the other Hilbert spaces) with an 
isometric involution J = j\ — I , having the properties of complex conjugation 
on H, 

^3'^3 ^ X! ^V'7j, VAj e C, rij G H, 

with respect to which the fixed density a is invariant, JaJ = cr, as a real element 
of an invariant Abelian subalgebra A — JAJ of C{H). The latter can also be 
expressed as the symmetricity property ? = ^ of the state <; {B) = TvBa given by the 
real Hermitian and so symmetric density operator a = a onH with respect to the 
complex conjugation B = JBJ and the tilde operation (transposition) B = JB^J 
on B. One can always assume that J is the standard complex conjugation in an 
eigen-representation of cr, and take the maximal Abelian subalgebra A C C {H) of 
all diagonal operators in this basis. 

Given the amplitude operator x, one can define not only the states by cr = xx^ 
on the algebra B but also a pure compound state vu on the algebra of all bounded 
operators on the tensor product Hilbert space Q ^Hhy 
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Thus defined zu is uniquely extended by linearity to a normal state on the alge- 
bra C{Q ®T-L) generated by all the linear combinations C = ^ ^j^j ® Bj due to 
07 (/ ig) /) = Tr x^'x = 1 and 

i,k 

= K^^kTrgAyBjEkxAk = TrgX^X > 0, 

where X = XjBjX-Aj. 

This compound state zu is pure on C{Q ® 7i), and it is entangled unless its 
marginal state <; is also pure. Indeed, zu corresponds to the amplitude ip G Q (Ei Ti- 
defined by an involution J in Q as 

This definition implies 

(A B) V = TtBxJaUx^ yAe c{g) ,b e c [h) 

as it can be easily seen for A — QC} , B — rjri\ and <; and q are the marginals of w 
defined as 

(2.2) (/ (g)B)ilj = TthBct, i;'' {A(E) I)tp ^ Tig Ap. 
As follows from the next theorem, any pure compound state 

zu{A(»B) ^^l;^A(»B)i}, AeA,BeB 

given on the decomposable ^ ;B by a probability amplitude ijj £ G ® Ti. with 
S A(i)B, can be achieved as described by a unique entanglement of its marginal 
states Q and 

Theorem 1. Let vj : A® B C he a compound state 

(2.3) tu (A B) = Tr^u^ (A ® B) u, 

defined by an amplitude operator v : J- ^ Q ® Ti on a separable Hilbert space T 
into the tensor product Hilbert space Q ®Ti. with 

Then this state is achieved by an entangling operator x '■ G ^ ^ '^'H cis 

(2.4) zu{Ar^B)^ Tr^^^ (/ ® B) xAx^ = Trgx^ {I ® B) xi 



of the states (2A) with p — Jx^xJ '^'^'^ — Trjrxx^; where x is an operator 
G ^ J' ®'H satisfying the conditions 

Tr^X^X^ C X^ «> ^) X C A. 
The amplitude operator x is uniquely defined by xU — v, where 

(2.5) {(:®v)H^^{J^®v)WjC V^e^,Cee,r7eH, 

up to a unitary transformation U of the minimal space T = ranf ^ equipped with an 
isometric involution J. 
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Proof. Without loss of generality we can assume that the space J- is a subspace of 
£^ (N) for the diagonal representation of v^v equipped with the standard complex 
conjugation C just as the space is in a diagonal representation of x'X- these 
canonical basises of J- and Q the amplitude operator X = X ('^) ('^1 can be defined 
as the block-matrix J2 1^) ® Xk (^) ("I transposed to J2 I") ® Xk ("-) (^L where the 
amplitudes in) G H are given by the matrix elements rj^Xk ~ (('^l ® '7^) ^^l^)- 

Trgix^(/®B)x = ^(n|i|m)xlMSxfc(n) 

n.m 

In any other ortho- normal basis {^j,} C the involution J : T T satisfying 

J^k = ^/c is defined as U'^CU, and w = X] \T^)®^k ("-) d = X^^: where U = 
The isometric transformation U of {^^.} into the canonical basis {|fc)} C P (N) is 
real in the sense U := CUJ — U, and thus U :— CWJ = U'^ . Hence amplitude 
operator x ■ G ^ ^ '^'H which was defined above by the transposition of vU'' = 
vU = X, is equivalent to v: x—{U® I) v. Thus 

Jx^xJ — Tr>^ww^ = p, T^'i:rXX^ = Trguu^ — a. 



Moreover, it satisfies the conditions ( |2.3| ) since uo = -uu^ <E A® B: 

JX^ (/ ® B)^ X-/ = Tr^^ {I®B)ujeA., Tr^x^X^ = Trg {A®I)u(zB. 
The uniqueness up to the U follows from the obvious isometricity of the families 

|^|fc)?7t^,(n) :neN,ryGw|, |^ r/^^fe (n) : n G N, 77 e w| 

of vectors (/ ® 77^) x|?^) in T P (N) and of ® rf'^ v in JF^ which follows from 
Trg;|n)(TO|x^ {I ® VV^) X — Tr^ru^ (|m)(n| ® 7777^) u. 

Thus they are unitary equivalent in the minimal space J-'. So the entangling oper- 
ator X is defined in the minimal J- up to unitary equivalence corresponding to the 
unitary operator U in J- intertwining the involutions C and J. | 



Note that the entangled state ( p. 41) is written as 

w{A®B)^ Tt-hBtt* (A) = TrgAn (B) , 

where the operator tt* {A) — Trjrx^X^ G B, bounded by ||A|| cr 6 /B*, is in the 
predual space i3, for any A G ^{G), and 

(2.6) tt{B) = JxHI®B'<)xJ = X^(T<^B)x 

is in Ai, as a trace-class operator in G, bounded by ||-B|| p G A*. The linear map 
TT is written in the Steinspring form of the normal completely positive map 

B TT (B), while vr* : ^ — > is written in the Kraus form of the normal CP 

map A^ TT* (^Aj in the canonical orthonormal basis |fc} of C (N): 

TT* (A) -^((fc|®/)xix^(|fc)®/). 
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A linear map n : B Ais called completely positive (CP) if the operator matrix 

7r(B) =7r([B,fc]) = [7r(S,fc)] 

is positive (in the sense of non-negative definiteness) for every positive operator- 
matrix B = [Bik] (which is thus Hermitian, — Bki). But the defined in ( ^.6|) 
f-map TT (i?^) = 7r(i?)^ is not necessarily CP but tilde- completely positive (TCP) 
in the sense that the map B ^ vr (B) given by the transposed operator-matrix 

n (B) := [j^ (B.k)^ j] = [Jtt (Bk,) J] = n~ (B') 

is positive (in the sense of non-negative definiteness) for every positive operator- 
matrix [Bik] — bI^ . Obviously every tilde-positive vr : S — > as 7r~ {B) = 

Jtt (B) J is positive for every positive B, but it is not necessarily CP even if it is 
TCP unless A (or B) is Abelian. The TCP maps can be obtained simply by partial 
tracing 

(2.7) IT* (A) = Trg {{A® I) uj), n {B) ^ Tt-h {{1(E) B) uj) . 

in terms of the compound density operator uj — vv'' for the entangled state 

m{A(g) B) =TT{A(g} B) uj. 

Definition 1. The normal TCP map n : B A^^ (and its dual map n* : A B^,) 
normalized to a probability operator p = tt (/) as TrgTr (/) = 1 (to a = n* (/) as 
Tr-^TT* (/) — 1) is called coupling of the state on B to g, (or generalized entangle- 
ment of the state g on A to <;). The coupling t: (or entanglement n* ) is called truly 
quantum if it is not CP, i.e. if there exists a positive operator-matrix 'B = [Bik] with 
Bik G B for which tt (B) = [t^ (Bik)] is not positive. The copling (entanglement) 

(2.8) ^« (B) = cji/^Bai/^, BeB 

of the state g — (, on the algebra A ^ B is called standard for the system {B, (^). 

Note that the standard entanglement is true as soon as the reduced algebra 
Ba = EcBEc on the support — EaH of the state q is not Abelian. (Here 
Ecr is the minimal orthoprojector E E A with {E) — 1.) In the case of the 
simple algebra B = C {TL) it is obvious as vr'' restricted to B^ is the composition of 
the nondegenerated multiplication B^ 3 B ^ a^/'^B cr^/^ (which is CP) and the 
transposition B = JB'^J on Ba (which is TCP but not CP if dimfo- > 1). 

The standard compound state 

vjq {A®B)^ TrnBa^/'^Aa^/^ = T^nAa^/^ Ba^/^ 

on the algebra B ®B \s pure in this case, given by the amplitude v ~ Icr^^^) = 
where \cr^^'^) = X with x = ^^^"^ ^-nd x defined in (2.5) as {C, ® rj)'' x — V^X^C- In 



particular, any pure compound state is truly entangled if rankp = ranker is not one 
because tt* {A) = xAx} can be decomposed as 

xAx^ = Ja^/^U'^JAJUa^''^J = vr" (u^'Au 



where U : a^/^Jr] i— > Jx^V is a unitary operator from onto the support of p in 
with nonabelian Ba = WAU = L {£a). 
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In the general case of a discretely decomposable (B, <;) with the density operator 
a = ©cr (i) having more than one components a (i) = aip (i) with nonzero proba- 
bility p{i) = Trcr (i) and positive trace one cTi e T (Tii), the standard compound 
state is mixed, described by the decomposable density operator 

(2.9) u;,^®..,,pU)S]\af){af\, A, B e B 

with zero components Uqii^j) — S^jp{j)ujj at i ^ j, corresponding to the pure 

compound states ujj — ipjipj- The amplitudes Vj ~ Icr^^) = tpj e Hj ® Hj define 
the orthogonal decomposition 

of the standard amplitude operator Vq : J- ^ (Bli-i <E) Hj on T — £^ (N) with the 
components 

Vq (i, j) = Vq (j) 5), Vq (j) = 1p (j) 

1 /2 

where 2p (j) = p (j) ' tpj. It corresponds to the block-diagonal entangling operator 
X= [x U) S)] with 

The so called separable compound states, which are given by convex combinations 
w,{A®B) = Y, Qn {A) (B) ^i (n) 

n 

of the product states p„ CS^n, are obviously not true entangled as the corresponding 
map 

(2.10) ^^(B) = ^w(5)p„m(«) 

n 

is both CP and TCP. 

3. Quantum Entropy via Entanglements 

As we shall prove in this section, the most informative for a quantum system 
{B, <;) is the standard entanglement tt^ = tt"? = tt* to the probe system {A'^ , Qq) = 
{B,c^), described in (U). 

Let us consider the entangled information and quantum entropies of states by 
means of the entangled compound states. To define the quantum information, we 
need to apply a quantum version of the relative entropy to compound state on the 
algebra B. In classical information theory the relative entropy is defined as 
the expectation of the logarithm of the derivation of the state vu with respect to 
a reference measure f. The relative entropy measures the information divergence 
of the state zu with respect to ip. This information divergence is equal to the 
expectation of Inwc/i^^ = Inw — Inc^ in the state vj, where uj and (j) are the densities 
of w and if with respect to Lebesgue or any other appropriate measure (with respect 
to which (j) is invertible, (jy^^cj) — I ~ 4'4>^^)- Such defined, it should be better 
called the relative information rather than entropy: indeed many authors reserve 
the term relative entropy for the expectation of —\nui(f>~^ such that it coincides 
with Boltzmann entropy li <f) — 1. 
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In quantum case, however, 

for noncommuting density operators uj and (f>, thus giving different possibihties 
for definition of relative entropy for quantum state w with respect to (p. In [|[ 
^ we investigated the possibility for entangled mutual information based on the 
most common definition of quantum relative entropy (information) as the quantum 
expectation of the difference In w — In </>, but it was hard to prove the additivity of 
the corresponding estimate for quantum capacity of the nontrivial channels. 
Here we take another choice 

(3.1) R(tn : 93) ^ Trwlnw^/^^"^ 



UJ 



1/2 



suggested in |10, ?] for quantum relative entropy of the state vu on an algebra A4 
with respect to a weight ip, given by a positive invertible operator (j) G Ai. Note 
that this quantum information divergence is well defined as 



R (n7 ; (ys) = Tr077 (cf) ^uj) — Tiyrv'' v \n 



where t] (x) = a; In a;, w = ww^ and 

as soon as the quantum Radon-Nicodim derivative c/i^^^^tjc/)^^^^ of the state ru with 
respect to ip is defined as a positive operator in the Hilbert space. This definition 
can be extended to any state w absolutely continuous with respect to (p | |T^ , i.e. 
if nj (E) = for the maximal nuU-orthoprojector E(f> — (otherwise the entropy is 
infinite by definition). As proved in [T^ , it gives a larger relative entropy than the 
expectation of Intj — In^, and it has a positive value R (nj : ip) £ [0, 00] if the states 
are equally normalized, say (as usually) Trw — 1 — Trcj). 

The most important property of the information divergence R is its monotonicity 
property |l^, i. e. nonincrease of the divergence R (zaJq : ^Pq) after the application 
of the pre-dual of a normal completely positive unital map K : A4 ^ to the 
state wq and ipg on a von Neumann algebra A4^: 

(3.2) m — ZaJqK, ip — PqK R (nj : (p) < R {zuq : lPq) . 

A quantum statistical morphism K can only decrease their information divergence; 
it can even be made zero by wqK = PqK. 

Let n : B ^ At, be an entanglement of the state g corresponding to the density 
operator p = 7r(/). We shall define the entangled entropy (or, better, entangled 
information) E (tt) as the relative entropy (information) (3.1) of the achieved com- 
pound state w on M = A(>^B with respect to the weight ip ^ g ® Tr corresponding 
to the density operator (p — I: 

(3.3) E(7r) = Trtjlnwi/2(-^^ j-)-i^i/2 ^ Xr^yt^^in^t (^p^iy^y^ 

where p~^ is quasiinverse to p in the case of rankp ^ dim^?. 

If w = ifjip'^ is one dimensional orthoprojector (corresponding to a pure state on 
the decomposable algebra A®B with v ^ € Q ® H), then v^v — 1, and 

{p ^ I) ^ V — Trxp^^X^ — "^''^GP^^'^ P^^ P^^^ — rankp. 

In this case E (tt) = Inrankp > 0, where rankp = ranker is the dimensionality of the 
range ranx or ranx^. Thus for quantum entanglements tt corresponding to pure 
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but mixed p — x^X a = xx^ (with rank > 1) the entangled entropy is strictly 
positive. However it might be negative as it is in the case of an Abelian A when 

(3.4) ^ (S) = E 1")'^" (^) ('^l^ (") ^ (^) • 

In this case = ^ \n)a{n) (n|, p — 'Y^ \n)p{n) (n|, and E (tt) = — S(7r), where 

^ ' p®I ^"^^ ' \p,{n)J - 

is the mean of the conditional von Neumann entropy 

S (<;ti) = -Trcr„ lncr„ 

on B corresponding to (T„ = a [n) / p (n). We can call the (mixed) state uo essentially 
disentangled (or separable) if E (tt) < 0; if w is pure and E (tt) > 0, it is truly 
entangled as the entangling map tt is obviously not CP in this case. 

The total entangled information I (tt) is defined as the sum of the von Neumann 
entropy 

(3.5) S(c) = -Train cr 

corresponding to the state <j {B) = Tin (B) and the entangled entropy (information) 
E(vr): 

(3.6) I (tt) = Ttlu (^ln(p® /)"^w -ln(/® ct)^ . 

Note that I (tt) > 0, but in general I (tt) I (tt*) unless p^I commutes with u as in 
the case of d- entanglement or Abelian A when the total information I (tt) = I (tt*) 
coincides with the mutual information l^.g (tt) = \b;A (tt*) defined in |, |. In the 
classical case when both algebras A and B are Abelian, I (vr) coincides with the 
Shannon mutual information (tt). 

The following proposition follows from the monotonicity property ( |3.2| ) of the 
relative entropy on A4 = A(^ B with respect to the predual {luq) — zuq (K ® I) 
to the ampliation K (g) I of a normal completely positive unital map K : ^ ^ . 

Proposition 1. Let n : B A* be an entanglement of {B, <;) of a state <; {B) = 
TnT{B), B G B to {A, g) with the density operator p = 7r(/), and ttq : A^ 
Bit be an entanglement defining tt by the composition tt* = ttqK with a normal 
completely positive unital map K : A ^ A^ . Then E (tt) < E (tt''), where tt^ — t^q, 
and thus I (tt) < I (tt ^) ■ I n particular, for any separable tt = tt'^ where tt"^ is the 
convex combination 1 ^.1 C ) with ^ <;np (n) — there exists a not less informative 



entanglement tt'' : B A^* with the same <; {B) = TrTT'' {B) and Abelian A^ , and the 
standard entanglement ir^ = tt"^ to = with A^ = B is the maximal one in the 
sense that for any entanglement tt there exists not less informative q- entanglement 
with the same {B,'^). 



Proof. The first proposition follows from the monotonicity property (3^) applied 
to the amphation K{A® B) = K{A) igi B of the CP map K from ^ ^ to 
A^ B ^ A° fS) B, with the compound state K* (wq) = tno (K (g) I) (I denotes the 
identity map B B) corresponding to the entanglement tt* = ttqK and ((/(g) = 
Q®<^ with Q = QqK corresponding to_(£Q — Qq® 

If TT is separable entanglement ( |2.10| ), tTc = tt* can be decomposed as 

IT* {A) =y~Q^ {A) a^p in) = tto (K (A)) . 



10 



VIACHESLAV P BELAVKIN 



Here K (A) = ^ (^) ("-I is a normal unital CP map on A into the Abelian 
algebra A^^ of diagonal operators on Q'^ ~ (N), and tt" = ttq = tt'' is the diago- 



nalizing entanglement (3.4) 



The inequality ( |3.4D can be also applied to the standard entanglement cor- 
responding to the compound state (2^) on B ® B = (BijB{i) (g) B{j), where 



B{i) = C {Ti.i). It is described by the density operator 
(3.7) ujq = ©ijPf3®B {i, i) = ®i'^i'^\p {i) , 

where PB0e(ijj) = 5lujip{i) is concentrated on the diagonal ®iB{i) ® B{i) of 
B ® B. The amplitudes if)^ € Hi® Hi are defined in (^) as -0^ = kl^^) by the 
components Xo (*) = I*) ®cr (*)^''^ of the standard entangling operator Xq ouQq —H 
into £^(N) 07i. Indeed, any entanglement tt* (A) = Trjrx^xt as a normal CP map 
A ^ B normalized to the density operator cr = Tr^r^x^ can be represented as the 
composition ttoK of the standard entanglement 7r° = tt^ on {A^, Qq) — {B,<;) and a 
normal unital CP map K:A^B. The CP map K is defined by cr^/^K {A) ct^/^ = 
TT* (^Aj . It has the form 

K (A) = TrjrX'fAX, AeA 

where X is an operator T- ®H Q, Trjr X'^X = I defining the entangling oper- 
ator X = {I'^ (8> Xo) Thus the standard entanglement tt'' (B) = a^/'^Ba^/'^ 
corresponds to the maximal mutual information. | 



Note that the supremum of the information g ain (3.6) over all c-entanglements to 



the system (B, <;) is the von Neumann entropy (3.5). It is achieved on any extreme 
entanglement 7r° with an Abelian A^ ^ given by a decomposition ^ — ^ <^nl^ {n) into 
pure states For example by a Schatten decomposition a = |rt)(7i|t^ (rt), cor- 
responding to (;n (B) = {n\B\n) and fi (n) — v (n). The maximal value In rankS of 

1/2 

the von Neumann entropy on the algebra B is restricted by In dim B as (dim B) < 
rankiS < dim B. 

Definition 2. The maximal total information 

(3.8) H(0= sup 1(71)^1(715), 

ir(/)=(T 

achieved on A*^ = B by the standard q- entanglement tt'' (B) = a^/^ Ba^/^ for a fixed 
state <; (B) = Ti-uBa, is called q-entropy of the state <;. The difference 

H (7r) = H (0 - I (7r) 

is called the q-conditional entropy on B with respect to A. 

Obviously, H (tt) is positive in contrast to S (■f) — I (7r) = — E (tt) which is positive 
as the averaged conditional entropy S (7r) in the case of Abelian A^ but which can 
achieve also the negative value 

(3.9) S(<?)-H(<;) = -lndim(7 
the following theorem states. 

Theorem 2. LetB be a discrete decomposable algebra onH = ®iHi, with the state 
— ®'^iP (i) given by normal states <ji on C (Hi), and C C B be its center with the 
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state p = "jjC induced by the probability distribution p(i)- Then the q-entropy is 
given by 

(3.10) H (<;) = S (<;) +Y.p{i) Inranka, H (p) + ^ H , 

i i 

where H {p) — ~ J2iPi^) (*) = ^ (p), and 

H (^^i) = InrankcJi — Tr-HiCi Inui = S + InrankfTi. 

It is positive, H G [0, cx)], and if the reduced algebra = E^BE^ is finite 
dimensional, it is bounded, with the maximal value H (^°) = In dim So-, achieved on 
the tracial a° = (dimmer) Ea, with = EaTi. 



Proof. The q-entropy H (<j) is the supremum (3.8) of the mutual information (3.6) 
which is achieved on the standard entanglement, corresponding to the density op- 
erator (3/7) of the standard compound state (2^) with A = B, p = a. Thus 
H(0 = E(^?)+S(?), where 

E(7r«) = ^ V(j)^ V'(«)lnV'(i)^ {a {i) ® {i) = (i) In ranker, 

i i 

as a{i) = aip{i), Vq (i) ■(/'(«) "0 («) = (*)^^^, and 

V'(z)Ua(*)®/.)^'0(*) = {ay'\{a-'<E>h)\ay') 

= Tr-Hfj (i)^^^ a (i) ^ a (i)^^^ — ranker^. 
Decomposing the von Neumann entropy as 

S(0 = 5](S (,^)-\np{^))p{i), 

i 

we obtain the corresponding decomposition for q-entropy 
H(O = E(H(^.)-lnp(*))p(0, 

i 

where H (q) = In ranker j + S(<ri). Due to < S{(^i) < In ranker j, each H (^i) is 
positive, and it is bounded by 2 In ranker j = In dim S^, where we took into account 
that Bi = Ea^C {'Hi) E„ — C{£i) has the squared dimensionality dimi?i = ranker^ of 
£i = E^-Ti-i. This gives the dimensional bound 

H (^) < In^ (dim£,)^ = In dim 

i 

for the q-entropy of a state on the reduced algebra Ba = ®Bi. Actually this 
boundary is achievable, as well as dimensional capacity 

Cq{B) = sup^p(i) ^2supS(^i) -lnp(i)^ 

= — inf > p (i) (Inp (i) — 2 IndimTii) = IndimS. 
p ^—^ 

of the algebra B (in case of finitedimensional B). Here we used the fact that the 
supremum of von Neumann entropies 

S (^ J ) = - X! 
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for the simple algebras B{i) = CiHi) with diniS(i) = (dimWj)^ < oo is achieved 
on the tracial density operators = (dimWj)"^ P = a°, and the infimum of the 
relative entropy 

I {p;P°) = (i) (lnj3 (i) - lnp° (i)) , 

i 

where p° (i) = dimB (i) / dimB, is zero, achieved a.t p = p°. | 

4. Quantum Channel and its Q-Capacity 

Let Hi be a Hilbert space describing a quantum input system and H describe 
its output Hilbert space. A quantum channel is an afhne operation sending each 
input state defined on Hi to an output state defined on H such that the mixtures 
of states are preserved. A deterministic (noiseless) quantum channel is defined by 
a linear isometry Y: Hi H with Y^Y — (/^ is the identify operator in Hi) 
such that each input state vector jj^ G Hi, \\rii\\ = 1, is transmitted into an output 
state vector r] = Ytji e H, = 1. The orthogonal mixtures ai = X]„cri (n) of 
the pure input states ai (n) = r]i (n) iji (n)^ are sent into the orthogonal mixtures 
a = ^„ a (n) of the corresponding pure states a (n) = Yai [n) Y"^ . 

A noisy quantum channel sends pure input states <ji on the algebra = L {Hi) 
into mixed ones <; = A* (<;i) given by the predual A* = A*|B^ to a normal completely 
positive unital map K:B-^B^, 

A(B) = Tr^^yt^y, B(^B 

where y is a linear operator from Hi ® .?-+ to H with Tvj^^Y'^Y = /, and ^+ is a 
separable Hilbert space of quantum noise in the channel. Each input mixed state 
Ci is transmitted into an output state <r = ciA given by the density operator 

A* (c7i) = y (CTi«)/+)yt 

for each density operator di E B\, where is the identity operator in Tj^. 

The input entanglements ir^ = A B\ dual to iti : B^ A will be denoted as 
TT^ = K = it\. They define the quantum-quantum correspondences (q-encodings) of 
probe systems {A, g) with the density operator p = k* {I^), to the input {B^,<;i) 
of the channel A with ui = k (/). If K : ^ — > is a normal completely positive 
unital map 

K [A) = Tr:r_ xUx, A & A, 

where X is a bounded operator T-^Qq — *■ Q with Tr^^r X^X = 7°, the compositions 

K = ttJK, tt A*K are the entanglements of the probe system [A, g) with the 
channel input (i3^, Ci) and to the output {B, <;) via this channel. The state g = g^K 
is given by 

for each density operator pg S A^, where I~ is the identity operator in The 
resulting entanglement tt = A*K defines the compound state vj = wqi (K (g) A) on 
A^B with 

mai (^0 B^) = Tt i"^? {B^) = Tr (A° B^) vai 

on A'^ ^B^. Here vqi : J^oi Qq®Hi is the amplitude operator, uniquely defined 
by the input compound state vjoi £ ^®B\ up to a unitary operator on Tqi, 
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and the effect of the input entanglement k and the output channel A can be written 
in terms of the amplitude operator of the state zu as 

v = {X(g,Y) {r (g) vol (g> 1+) u 

up to a unitary operator U in T = T- ® ® J-+ ■ Thus the density operator 
uj = uft of the input-output compound state tu is given by wqi (K ® A) with the 
density 

(4.1) (K A)* (woi) ^{X®Y) c^oi {X Y)^ , 

where c^oi = uqiVqi- 

Let /Cj be the set of all normal TCP maps k : A ^ B} with any probe algebra A, 
normalized as TrK (/) = !, and ICq (<;i) be the subset of all k G /C^ with k (I) = <;i. 
Each K € K,^ (<;i) can be decomposed as kqK, where Kq — irf — kq ^ ICq 
is the standard entanglement on (^A^^tQq) ~ [B^,<;i), and K is a normal unital 
CP map A B^. Further let /Cj be the set of all c- entanglements k described 
by K (A) = J2n Sn (^) 1^* = ""i are convex combinations (??) on Bi, 

and A^c('?i) denotes the subset of ICc corresponding to a fixed k (/) = <ii- Each 
K S K,c{<^i) can be represented as k = kqK, where Kq = irf is an extreme d- 
entanglement of an Abelian A^ to {B^,<;i), by a proper choice of the CP map 
^■.A-^B^. 

Now, let us maximize the entangled mutual entropy for a given quantum channel 
A (and a fixed input state <^i) by means of the above two types of quantum (true) and 
classical (not true) entanglements k. The entangled entropy (^) was defined in the 
previous section by the derivative of the probability operator oj of the corresponding 
compound state w on A®B with respect to the density operator p®I of the product 
(fi — g® Tr-i-c . In each case 

m = vjQi (K (g) A) , ip = QqK ® Tr, 

where K is a CP map A ^ A^ = B^ , tuqi is one of the corresponding extreme 
compound states Wqi, Wdi on B^ ® B^, and Qq (^") = njoi ® /^). 

Proposition 2. The entangled information achieves the following maximal values 

(4.2) E,(^i,A):= sup E (k*A) = E (^?A) , 

kGK;,(<;i) 

Ec(<ri,A);= sup E(k*A) = -S(<ri, A) . 

KeK;<=(<;i) 

Here S(^^i, A) is the minimal von Neumann mean conditional entropy 
S(^i,A) =supS(^^A) =S(^?A), 

d 

which is achieved on an extreme (optimal) diagonalizing map ttJ = irf with TrvrJ = 
■^1 for all B £ B^ . The total entangled information achieves respectively the follow- 
ing maximal values 

l,(^i,A):= sup I (k*A) = S (^lA) + E (^?A) , 

Ke/Cg(?i) 



\c (^1, A) := sup I (k*A) = S (^lA) - S (tt^A) 

Ke/c<^(?i) 
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They are ordered as 

(4.3) EJ^i,A) A), l,(^i,A) > lc(^i,A) 

Proof. Owing to the monotonicity 

R (rooi (K ® A) : QqK ® Tr) < R (^oi (I ® A) : Tr) , 

the supremum of over aU k e /Cq (■^i) is achieved on the standard entanglement 
Bi given by k* = nf = k'^. Due to the same reason the supremum over all 

c-entanglements k G /Cc (^i) coincides with the supremum over all normal unital 
maps Ko on an Abelian satisfying the condition kq (/'^) = (Ji- However the 
entangled information E (vrf A) for the not true entanglements Kq ~ nf = kP is not 
positive, coinciding with the minus the averaged conditional von Neumann entropy 
fA). The minimum of S (ti"! A) over all diagonalizing maps irf is achieved on 
an optimal pure d- entanglement k*^ = tt° on (;B^,<ri). 

The same arguments apply also for the total informations I (tt) ~ E (tt) + S (<;), 
however the suprema \q (<;, A) and Ic A) can be obtained now straightforward as 
S does not depend on the input entanglements with a fixed k (/) — <Ji. The 
inequalities in ( |4.3| ) simply follow from /Cg (^i) 3 /Cc (^i) I 



Definition 3. The suprema 



Cq (A) sup I (k*A) sup \g (<?i, A) , 



(4.4) 



Cc (A) := sup I (k*A) = sup 1^ (<ri, A) 



are called the q- and c-capacities respectively for the quantum channel defined by a 
normal unital CP map A : i3 — > . 



Obviously the capacities (4.4) satisfy the inequalities 

Cc (A) < C, (A) . 



Theorem 3. LetA{B) = BY be a unital CP map B describing a quantum 

deterministic (noiseless) channel. Then 

le(^i,A) = S(^i), l,(<;i,A) = H(^i), 

and thus in this case 

Cc (A) = In rank^i , Cg (A) = In dim B^ 

Proof. It was proved in the previous section for the case of the identity channel 
A = I, and thus it is also valid for any isomorphism A described by a unitary 
operator Y . In the case of non- unitary Y we can use the identity 

Tr Y ((Ti ® /+) Y^ Iny (cti /+) Y^ = Tr S (cti ® /+) ln5 (cti ® /+) , 

where S = Y^Y. Due to this S(^iA) = -Tr S (cri (g) /+) InS" (cti /+). However in 
the case of the noiseless channel = 1, S = I, and thus 

S(0 = S(<;iA) = S(?i). 
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Moreover, as u = (X ®Y) {I^ (g) vqi), = {I~ (g) voi)\R (g> I) {I~ ^ vqi) = 
v\vi, where R = X^X, vi ^ {X (g) I) (/~ ® uoi), and 

{p «) v= {I' voi)^ {X''p-^X ® /) {I- ® vqi) =v\{p® ly^ vi, 

where p = X (/^ (E) p^) X^ . Hence 

E{TriA) = Ti-:Fv{vilnv\{p(g)iy^vi = E(^i), 

where tti — k* . Thus Cq (A) — sup^^ H Cc (A) — sup^^ S due to 

sup E (k*A) = H (<;i) , sup E (k*A) = S (^i) . 

Therefore C, (A) = hi dim 6^ = (B^), (A) = InrankS^ = (B^). | 

In order to consider block entanglements let us introduce the product systems 
(S®", <j®") on the tensor product H®" = '^f^i'Hi of identical spaces Hi ^ H, and 
the product channels Af" : ;B" i-^ Bf", the preduals of the normal unital CP 
product maps 

A^" . ^ g» ^ 'S>f=iBl, A®" (S®") = A {Bf , 
where Bi = B^ for all I. Obviously 

S = nS (0 , (S®") = nCe (6) , 

H (^®") = nH (^) , C, (S®") = nC, (S) . 
However it not obvious that this additivity should take place for 
\: (^1, A) = I, (<;f A®") , Q (A) - Q (A®") , 

i;' (^1, A) = I, (cf", A®") , q (A) = c, (A®") . 

the suprema of the mutual information I (k* A®") over the set ICq (<;f ") of all input 
entanglements k : A ^ B^^ with any probe algebra A, normalized as k (/) = erf", 
and with any such normalization respectively, k € ICq. It is easily seen, by applying 
the monotonicity property (3.2) with respect to the normal unital CP map K : — > 
^0 _ .j-jjg decomposition k = tt^K, where 

^» (^") = (af ") io (af ") , ^0 G F\ 

that the quantities 1^ (<^i. A) are additive: 

l^(^i,A) = nl,(ci,A), (A) = nC, (A) . 

Note that if the supremum sup^-^ 1^ (<;„, A®") is taken over all states <;„ G ,B" but 
not just over it might be possible to achieve more than nCq (A). However 
for the classical entanglements this additivity cannot be proved even in the case of 

l?(^i,A) >nle(^i,A), (A) > nCe (A) . 

The superadditivity implies that the quantities i" = l"/n, c" — C"/n have the 
limits 



1,(^1, A) = hm -l^((^i,A)) > 1,(^1, A) 

n— >oo n 



(A) 



lim -C^(A) > C^A) 

n—*oo Ji 
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which are usuaUy taken as the bounds of classical information and capacity |17| , [Tsl 
for a quantum channel A. As it has been recently proved in JTot under a certain 
regularity condition, the upper bound C (A) is indeed asymptotically achievable 
by long block classical-quantum encodings. Note that the c-quantities i", c" are 
not easy to evaluate for each n, but they all are bounded by the corresponding 
q-quantities i, = Ig and Cq = hm ^C^: 

ic(<ri,A) < iq((^i,A), Cc(A)<c, (A). 

In order to measure the "real" entangled information of quantum channels "with- 
out the classical part" , another quantity, the " coherent information" was introduced 
in 1^. It is defined in our notations as 

\s (^1, A) = I, (^1 , A) - S (0 , Cl (A) = sup U (<;i , A) 

Obviously (^i,A) < E(^i,A), and (A) < Q (A) = sup^-^ E(?i, A). The supre- 
mum (A) = (A«^") of U A®") over all states c;"^ £ 0^^^ in general is not 
additive but superadditive, and the coherent capacity is defined as the limit 

c, (A) = lim (A) < lim -C^ (A) = q (A) . 

n — >oo TL n — >oo TL 

Obviously this capacity has the bounds Cs (A) < Cq (A) as Ce (A) < Cq (A) due to 
Es (<?5', A®") < \q (<j5'. A®") > for each input state 

Thus the entangled information 1^ (^i. A) for a single channel corresponding to 
the standard entanglement k gives upper bound of all other informations and is 
good analog of the corresponding classical quantities. 
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